Empirical rules, including the stress-optical rule, the Cox-Merz rule, the Gleissle's mirror relation, and the Laun's rule, that provide important alternatives in obtaining rheological data for concentrated polymer liquids are investigated via stochastic simulations of a recently proposed full-chain reptation theory ͓Hua and Schieber, J. Chem. Phys. 109, 10018 ͑1998͔͒ capable of treating rigorously all fundamental effects for concentrated polymer systems. Theoretical investigations of these rules are important, for they provide strict consistency checks on the predictions of existing molecular theories; at the same time, the limitations of these rules may also be explored. The current simulation implies that deviations from these empirical rules are likely to be observed when polymer chain stretching becomes significant. The effects of molecular weight and molecular weight distribution on the applicability of these rules are inferred; accordingly, we are able to explain the essential feature of the experimental finding when deviations from the Cox-Merz rule were observed. On the other hand, the theory is slightly modified to account for the proper stress-optical relation so that it can be used to simulate directly the birefringence fields of complex flows without being restricted by the validity of the stress-optical rule. Despite its remarkable success in explaining many experimental findings, the theory is found to be unable to predict satisfactorily the Cox-Merz rule and other similar empirical relationships in the power-law region. The discrepancies seem to imply that certain important effects might still be missing in existing reptation theories, and we discuss this issue within the reptation picture.
I. INTRODUCTION
The idea of reptation, first introduced by de Gennes 1 and later extended by Doi-Edwards 2 to mimic the primary mechanism of chain motion in concentrated ͑or entangled͒ polymer systems, has become in the last two decades one of the most important concepts in approaching the rheology of concentrated polymer liquids. In an entangled system, it is proposed that it is easier for a probe chain to move in the direction of its backbone via the so-called ''reptative motion'' than in the transverse direction because of the topological constraints imposed by the surrounding polymer chains. The reptation theory is attractive due to its ability to capture the essential features of polymer dynamics in an extremely complicated entangled system based on a greatly simplified physical picture. For example, the well-known reptation ͑or tube͒ model developed by Doi-Edwards, in spite of its over-simplified form, is able to explain several important experimental findings for entangled polymer systems that cannot be described by the Rouse chain or other similar models. For instance, the Doi-Edwards model predicts that the zero-shear-rate viscosity is proportional to the cube of the molecular weight, the steady-state compliance as well as the plateau modulus are independent of the molecular weight, and the diffusion coefficient is inversely proportional to the square of the molecular weight. These predictions, distinctively different from those of the Rouse chain model, are in close agreement with experimental observations for entangled polymer systems. However, due to several associated unrealistic assumptions and approximations which had been employed for mathematical convenience ͑see detailed discussions in Ref. 3͒, the Doi-Edward model was found to have difficulties in explaining many experimental results, particularly when under flow conditions. It is not until recently that the origins of the failure of the Doi-Edwards model in predicting the flow behavior of entangled polymers have been largely identified to be the neglect of the effects of chain connectivity, chain retraction ͑and stretching͒, chainlength fluctuations, and constraint release; related modifications have also been made to significantly improve the tube model's predictions in both shearing and extensional flows. [3] [4] [5] [6] [7] [8] [9] [10] [11] The remarkable success of the tube model demonstrated by the previous referred work has, on the one hand, provided strong support for the correctness of the reptation picture, and, on the other hand, encouraged further investigations based on the tube model. For example, Mead and co-workers 12 have recently attempted to investigate the theoretical origins of several very useful empirical rules for entangled polymer systems, including the Cox-Merz rule, 13 the Laun's rule, 14 and the Gleissle's mirror relation, 15 based on a refined but still greatly simplified tube model. Although the existence of these empirical rules is still being regarded as a ''suspicious coincidence,'' further investigations of these rules appear to be necessary based on the following observations. First, these rules themselves are able to provide strict consistency checks on the predictions of existing molecular theories for rheological properties that are usually examined on two different levels, namely, the linear viscoelasticity and the shear flow rheology. Such checks can provide us important information concerning the self-consistency of existing reptation theories. Second, since these empirical rules are so widely used, and since it is not uncommon in experiments to observe derivations from these empirical rules, it is of great interest to explore the rheological conditions that may lead to derivations from these rules.
In attempting to account for the above-mentioned essential mechanisms for the tube model, approximate schemes were usually employed to decouple the chain dynamics at different locations of the tube. However, it was pointed out in a previous study 5 that introduction of these approximate schemes could lead to complete different conclusions concerning the effects of some of these mechanisms. Thus, in order to make a more discriminating study, we here consider a stochastic reptation theory recently proposed by Hua and Schieber 3 that does not employ the assumptions and approximations usually associated with a tube model while is able to self-consistently account for all fundamental effects for entangled polymer systems. This reptation theory has been tested thoroughly for various types of shearing flows, and remarkable agreement with experimental observations was found for almost all of the investigated rheological properties. [3] [4] [5] Recently, Hua and Kuo 16 have further performed an efficient equilibrium stochastic simulation to show that the theory can also predict satisfactorily all the linear viscoelastic properties of entangled linear polymers. Thus this theory appears to be a good candidate for the current purposes.
In addition to those empirical rules mentioned above, we here are also interested in one other very important empirical relationship-the stress-optical rule. Below, we introduce briefly each of these empirical rules.
The stress-optical rule: This rule describes the proportional relationship between stress and birefringence in a concentrated polymer system:
where p and n are the polymer stress and the birefringence ͑or ''refractive index''͒ tensors, respectively, and C b is called the ''stress-optical coefficient.'' This relationship has been generally found to hold in both transient and steady shear flows; 17, 18 it can be, however, violated under fast stretching flows, 19, 20 such as extensional flows or shear flow at very high shear rates. For these cases, the birefringence is expected to grow less rapidly with increasing flow strength than does the stress, and it would finally saturate when polymer chains are being fully extended. This rule is of vital importance in experiments for determining the stress field when complex flows are involved, since the stress field can only be evaluated based on optical measurements and the validity of the stress-optical rule. When this rule remains valid, optical measurements can be combined with measurements in a velocimetry to test a specific constitutive equation describing the relation between stress and velocity fields. However, if strong shear or extension is involved in certain flow regions, where the stress-optical rule ceases to hold true, the significance of such a test will be doubtful. It is therefore very important to have a model, particularly a molecular-based one, that predicts the stress-optical rule under mild flow conditions while is able to properly account for the derivations occurring in fast flows. For then, one can simulate the optical field via calculations of the average polymer orientation and compare it directly with the optical measurement without being restricted by the validity of the stress-optical rule. If this can be done, the effort in transforming optical and stress data can be saved, and possible errors involved in the transformation 21 can also be avoided. The Cox-Merz rule: This rule displays the experimental observations, generally true for linear and branched, monodisperse and polydisperse polymer systems, that the complex viscosity *() and the steady-state viscosity (␥ ) exhibit the same type of dependence on frequency and shear rate, respectively, and may be written as
͑2͒
where GЈ and GЉ are the storage and loss moduli, respectively. The Cox-Merz rule, like the other two empirical rules to be introduced next, forms a consistent relationship between the measurements of linear viscoelasticity and steadystate viscosity; and it provides a convenient alternative in obtaining the steady-state viscosity data, for the linear viscoelastic experiments are in general easier to perform, and time-temperature superposition may be simultaneously used to obtain viscosity data in the desired shear rate regime. Note that the original Doi-Edwards model does not predict such a relationship, although the degree of disparity can be reduced by accounting for the effect of convective constraint release. 7 From the theoretical point of view, this rule provides an important consistency check for existing reptation theories, and the result of such a check may shed light on the direction of further improvement of the reptation theory. The Laun's rule and the Gleissle's mirror relation: The Laun's rule relates the steady-state first normal stress difference coefficient obtained in simple shear experiments to the linear viscoelastic measurements:
The Gleissle's mirror relation depicts the relationship between the steady-state viscosity and the transient viscosity growth at zero shear rate:
Like the Cox-Merz rule, these two empirical relationships provide useful alternatives in obtaining experimental data, and may be used to test a model's predictions for internal consistency.
In the following sections, we first review briefly the stochastic reptation theory considered in this work, along with some discussions on the required modification of the stress tensor expression to obtain consistent stress-optical relations. Then we check individually each of the empirical rules in-troduced above via stochastic simulations; at the same time, we discuss implications of the simulation results on both the applicability of these empirical rules and the model's performance in predicting these rules, followed by several conclusions.
II. BACKGROUND THEORY
We begin with a brief introduction of the stochastic, fullchain reptation theory proposed in Ref. 3 . A linear polymer chain in entangled systems is modeled as a Rouse ͑or FENE, which denotes ''finitely extensible nonlinear elastic''͒ chain confined in a discrete tube, where each tube segment represents a real entanglement. The tube is assumed to be deformed affinely by flow and convected with flow in a purely deterministic manner, plus a stochastic process of tubesegment constraint release performed in a fashion similar to double reptation. 22 The motion of the confined chain, on the other hand, follows a set of stochastic differential equations derived from the Langevin equation of motion for each bead constituting the chain. The motions of the chain and the tube are coupled through the tube velocity and the boundary condition imposed at the tube ends. Since stochastic schemes are employed, no assumptions or approximations usually associated with a tube model, such as the independent alignment and the consistent averaging approximations, are needed to solve the model. Consequently, all essential mechanisms in the tube model, including chain connectivity, chain reptation, chain-length fluctuations, chain retraction, and constraint release, can be treated self-consistently; all but the effect of constraint release can be claimed to be rigorously incorporated in the theory. Since the orientation of the tube is used to define the orientation of the confined polymer chain, no lateral degrees of freedom of the confined chain are accounted for, and thus the theory, like almost all other reptation theories, is unable to capture the chain dynamics associated with lateral motions, such as the short-time Rouse response in the linear stress relaxation. The effects of the change of size and shape of the tube during deformation 23 are also neglected. For a more detailed introduction of the theory as well as the stochastic algorithm for the simulation, the reader is referred to Ref. 3 .
For a better understanding of some of the later discussions, we shall address more about one specific effect in the theory-the constraint release mechanism. For a probe chain, in order to account for the dynamic nature of the surrounding chains forming the tube, the effect of constraint release ͑CR͒ was incorporated into the theory in a fashion similar to double reptation, which means that the reptationlike motion can also occur in any point of the tube, besides at the tube ends, when a surrounding chain diffuses away. Constraint release of this type is called the ''diffusive constraint release'' ͑DCR͒. Another type of constraint release mechanism that turned out to be especially important in the presence of flow is called the ''convective constraint release'' ͑CCR͒, 7 which takes into account the constraint release caused by the convective motion of the surrounding chains. Both constraint release mechanisms are essential for the tube model to describe the experimental data. For example, the DCR is a key factor in explaining the experimentally observed mixing rule of the linear stress relaxation of a polymer blend, whereas CCR prevents excessive shear thinning of the steady-state viscosity as predicted by the Doi-Edwards model. 7 Note that, in contrast to most of the recent reptation theories in which these two constraint release mechanisms were treated independently, the current theory demands a consistent implementation of these two CR mechanisms. That is, once a tube segment is completely abandoned by the probe chain due to chain reptation, chain-length fluctuations ͑which could cause a DCR͒, or chain retraction ͑which could result in a CCR͒, one randomly releases a constraint formed by two consecutive tube segments on another chain in the ensemble. Thus one sees that the effects of these two constraint release mechanisms are self-consistently accounted for in the theory.
To compute optical properties from a molecular theory, one needs a constitutive equation that relates the average polymer orientation to the birefringence. By assuming additivity of segmental anisotropies, we extend the relationship given by Khun and Grün 20 to a full-chain model:
where ⌬n is the birefringence tensor without the isotropic part; ñ is the average refractive index for the bulk, isotropic medium, and n is the number density of polymer chains; ␣ 1 and ␣ 2 are the polarizabilities of the polymer segments; u i denotes the directional vector of the ith chain segment, N is the number of chain segments of a coarse-grained polymer chain, and a 2 is the mean square of segmental length at equilibrium. Since a discrete tube is simulated, one may encounter the situation that one chain segment strides over two adjacent tube segments, like the ith and jth chain segments depicted in Fig. 1 , so that u i is not well defined. For a chain segment like this, we artificially decompose it into two different portions, each having a uniquely specified orientation, in calculating the birefringence. Note that such a treatment is inevitable for a discrete tube employed for theoretical convenience. Nevertheless, since the number of chain segments is at least ͑and is equal when at equilibrium 3 ͒ three times that of the tube segments due to the fact that the number of tube segments ͑or entanglements͒ can be significantly reduced by the CCR mechanism under flow conditions, the chance of asking for the previous treatment is relatively rare. Having Eq. ͑5͒ along with a proper stress tensor expression, it is possible to evaluate both optical and stress properties via calculations of the average polymer orientation only, which is certainly an important merit by simulating a molecular model.
Based on Eq. ͑5͒, in order to obtain consistent stressoptical predictions that satisfy, for example, the stress-optical rule, we here adopt an alternative stress tensor slightly different from the one proposed in Ref. 3 :
where T is the average tension ͑i.e., tensile force per unit length͒ acting on a polymer chain and may be evaluated from
where F i (s) is the FENE spring force 24 of the ith chain segment, L is the total chain length, H is the Hookean spring constant, and b is the square of the maximum dimensionless length that a chain segment can be stretched. Note that in Eq. ͑6͒ the average chain tension is used to evaluate the stress, similar to the cases of the Doi-Edwards model and recent mean-field theories based on the full-chain picture ͑Ref. 9 for example͒. This is to be contrasted with the stress tensor proposed in Ref. 3 ͓Eq. ͑11͔͒, where the local chain tension is used to evaluate the stress. It can be shown that if the local chain tension is used to evaluate the stress, the stress-optical rule will not be fulfilled under mild flow conditions for those chain segments striding over two different tube segments. The failure arises from the discretization of the tube, along with the naive extension of the stress tensor expression for bead-chain models. This fact reminds us the importance to check with existing consistency relationships, such as the stress-optical rule and other empirical rules to be considered in this work. Of course, we wish that the current substitution of the stress tensor expression will not affect significantly the model's predictions, especially for those successful features demonstrated in a previous series; 3-5 otherwise, if possible, it will be necessary to apply more rigorous criteria, such as the thermodynamic consistency requirement, 25 in selecting the form of stress tensor. We shall show in the next section that, fortunately, the use of the currently proposed stress tensor expression hardly affects the model's predictions on rheological properties after a few minor adjustments.
III. RESULTS AND DISCUSSION
As had been shown in Ref. 3 , the full-chain reptation theory considered here predicts G (N) 0 ϭ 1/3 NnkT, where
0 is the plateau modulus, and kT is the Boltzmann's constant times the absolute temperature. Thus, the ratio of the number of chain segments to the average number of tube segments, N/Z, has to be three according to the usual definition of the plateau modulus: G (N) 0 ϭ ZnkT, where Z is the average number of tube segments or entanglements at equilibrium. When Eq. ͑6͒ is used to evaluate the stress, the predicted N/Z ratio is found to change slightly. If one wishes to stick to the usual ratio of N/Zϭ3, it can be easily achieved by adding a small equilibrium force via Maxwell demons to recover the previous ratio of N/Z. After readjusting the reptation time constant by a factor of about 1.4 due to a slight increase of the equilibrium chain length, the essential predictions of the theory are found to remain unaltered. This can be seen from Fig. 2 as an example, where we compare the predicted stress curves based on two different stress tensor expressions and reptation time constants. One can see that the differences are pretty insignificant; a similar situation is found for the transient flow behavior. These facts make us feel free to use Eq. ͑6͒ for all our later calculations. Since the minor adjustment of the numerical prefactor of the reptation time constant will not affect its physical interpretation, we shall keep using in this work the original definition of the reptation time: d(N) ª 2/ 2 N 3 H , where H is the relaxation time constant associated with the Hookean springs.
Although the predicted stress properties seem rather insensitive to the choice of the two stress tensor expressions considered here, the current stress tensor, Eq. ͑6͒, is able to lead to realistic predictions for the stress-optical relation, as we shall discuss later. Simulation results that will be shown in the following are mainly based on the choices of Nϭ21 ͑or Zϭ7) and bϭ100, otherwise to be mentioned. Different choices of the parameter values will not affect the conclusions to be made from this work.
In Fig. 3 we plot the steady-state viscosity curve for two different chain lengths: Nϭ21 and Nϭ15. From this plot one can notice immediately several distinct features for entangled linear polymers: ͑i͒ The zero-shear-rate viscosity is roughly proportional to the cube of the molecular weight, ͑ii͒ the onset of shear thinning occurs at a shear rate approximately equal to the reciprocal of the reptation time, and ͑iii͒ the steady-state viscosity in the power-law region is rather insensitive to the molecular weight. All of these phenomena for entangled linear polymers are well known and can be understood based on the reptation picture. One other important feature that has been seldom addressed in both experiments and theoretical studies is the flattening of the viscosity FIG. 2. Steady-state viscosity and first normal stress difference as functions of shear rate predicted by the simulation using two different stress tensor expressions and reptation time constants. The solid lines are results based on the current stress expression, Eq. ͑6͒, while the points are based on Eq. ͑11͒ in Ref. 3. curve, or an apparent slow-down of viscosity thinning, observed at very high shear rates. The flattening of the viscosity curve manifests itself in the shear stress curve by exhibiting a further upturn following a plateau in the power-law region, as shown in Fig. 4 . Here an important finding is that the onset of the viscosity flattening occurs at a shear rate roughly proportional to the inverse of the Rouse time or 1/M 2 , where M is the molecular weight. In other words, a polymer system consisting of longer chains will exhibit an earlier viscosity flattening in the steady-state viscosity curve. This fact has very important implications in our later discussion concerning derivations from the Cox-Merz rule and other similar relationships.
In experiments, a second Newtonian region may be observed for dilute polymer systems at very high shear rates, but it is less frequently observed for melts due to serious polymer degradation or fracture of the free surface of the polymer sample in the cone-and-plate rheometer when approaching very high shear rates. From the viewpoint of the tube model, when polymer chains are significantly stretched and their lateral motions are highly suppressed at very high shear rates, the effect of the tube or entanglement becomes irrelevant, and polymer chains would behave as if they were in the dilute system. Therefore, the existence of a second Newtonian region for melts should not be very surprising.
In theoretical studies based on the tube model, issues related to the flattening of the steady-state viscosity at very high shear rates have been seldom addressed due to the fact that the short-time Rouse contribution is in general not accounted for so that the model's predictions in the very high shear rate regime were usually regarded as unreliable. We, however, must point out that although the short-time Rouse contribution is important in the case of linear stress relaxation, where the restrictive lateral motion of the confined polymer chain plays an important role at the very beginning of stress relaxation and thus also affects greatly the response of the dynamic moduli at high frequencies, such a contribution becomes relatively unimportant at very high shear rates when polymer chains are significantly stretched and their lateral motions are highly suppressed by the strong shear. Therefore, the viscosity flattening observed in Fig. 3 at very high shear rates should be authentic. Now the questions are what factors are responsible for the observed viscosity flattening at very high shear rates, and whether chain stretching indeed becomes significant in this regime. To answer these questions, we have to look at both the extinction angle plot and the chain stretching plot, as shown in Figs. 5 and 6 , respectively. The extinction angle plotted in Fig. 5 is defined as ª 1/2 tan Ϫ1 (2 yx /N 1 ), where N 1 is the first normal stress difference. The steady-state extinction angle gives information about the extent that polymer chains are being aligned by the steady shear. In Fig. 6 , we plot the average chain length at steady state normalized by its value at equilibrium, ͗L͘/͗L͘ eq . From Fig. 5 we find that the steady-state extinction angle first drops very quickly in the power-law region and then gradually saturates at very high shear rates. In contrast, in Fig. 6 we find that polymer chain stretching remains insignificant in the power-law region, and starts to grow dramatically in the shear rate regime where the viscosity flattening is observed. For example, for Nϭ21 at a Deborah number of 200, the dropping rate of the steady-state extinction angle is apparently slowed down, and the amount of chain stretching starts to increase rapidly with increasing shear rate. This is about the Deborah number that we begin to observe the viscosity flattening in Figs. 3 and 4 for Nϭ21. A similar situation is found for the case of N ϭ15. Thus, the flattening of the steady-state viscosity observed at very high shear rates may be attributed to the almost saturated orientation angle, which slows down the aligning of polymer chains, as well as a significant increase of chain tension that help to reduce greatly the rate of viscosity thinning. Note that the Doi-Edwards model will not predict a slow down of viscosity thinning at very high shear rates due to the instantaneous chain retraction assumption employed in their model.
Due to limited computational capability, we here do not simulate still higher shear rates to check whether the theory would predict a real flattening of the viscosity curve, or the existence of a second Newtonian region. Nevertheless, based on purely theoretical inferences, it appears unlikely for the current theory, in which the polymer chain is modeled as a FENE chain, to predict the existence of such a region. We have argued that when polymer chains are being highly stretched at very high shear rates, their lateral motions and the effects of the tube become irrelevant. For this case, the model's predictions should approach those of the FENE chain model for the dilute system that predicts ϰ ␥ Ϫ2/3 as the shear rate approaches to infinity. 26, 27 Since dilute FENE chains do not exhibit a second Newtonian region, we do not expect it to appear in the current simulation either. Even so, a much smaller power-law index (Ϸ0.67) for dilute FENE chains suffices to imply that there will be an apparent slow down of viscosity thinning for entangled FENE chains at very high shear rates.
After a general background of the model's predictions has been introduced, we are in a position to examine the stress-optical relation. In Fig. 7 we plot the transient stressoptical coefficient normalized by its steady-state value at zero-shear-rate, C b /C b,0 , following the inception of steady shear at various shear rates; the stress-optical coefficient is obtained by computing C b ϭ n yx / yx from Eq. ͑1͒. From the figure one sees that the stress-optical rule is obeyed ͑i.e., C b /C b,0 ϭ 1) in transient shear flow except at high shear rates. The transient downshoot of the stress-optical coefficient observed at high shear rates corresponds to the transient shear stress overshoot when the average polymer chains are at their maximum stretching. We, however, must point out that in an earlier study for shear flow 5 it was found that the theory tends to over-predict the magnitude of transient stress overshoot at high shear rates. Thus the degree of transient deviations from the stress-optical rule as observed in Fig. 7 should also be over-predictive. For instance, at a Deborah number of 200, which indicates for Nϭ21 the termination of the power-law region and thus could be too high a shear rate to be accessible in real experiments for melts, we found from a previous comparison in Ref. 5 that the simulation could have overestimated the magnitude of the shear stress overshoot by a factor of two based on a set of concentrated polystyrene data. Thus, for this particular case, the actual maximum deviation one might observed in experiments should be less than 7% according to Fig. 7 . This somewhat explains why the stress-optical rule has been mostly found to hold in transient shear flow within experimental error.
In Fig. 6 , we also plot the normalized steady-state stressoptical coefficient as functions of shear rate for Nϭ21 and Nϭ15, both with bϭ100; the simulation results for Nϭ21 with bϭ50 are also plotted for comparison. From the figure one can see that departure from the stress-optical rule commences at a Deborah number when the amount of chain stretching starts to increase drastically. The rate that C b,s is dropping at high shear rates seems to depend on both the molecular weight and the value of b. In Fig. 6 one sees that the long chain Nϭ21 is more stretched than is the short chain Nϭ15 at the same shear rate, and thus the steady-state stress-optical coefficient of the long chain exhibits a faster dropping due to faster increase of the chain tension and saturation of the birefringence. According to the Rouse chain model, the chain retraction rate is inversely proportional to the Rouse time (ϰ M 2 ); thus, a longer chain has a slower chain-retraction rate and can be more easily stretched by flow. From the comparison made in Fig. 6 , it may be inferred that deviations from the stress-optical rule are likely to be observed at relatively lower shear rates for polymer systems in which a significant amount of sufficiently long chains are present. Another important implication from the comparison of Figs. 3 and 6 is that if one does not observe in experiments a second Newtonian region, or even a trend of viscosity flattening, within the accessible range of shear rates, one probably will not observe any apparent derivation from the stress-optical rule. Because in this case polymer chains are never significantly stretched and the stress-optical rule should roughly hold valid. Since a second Newtonian region has been seldom observed in experiments for melts, it is not surprising that the stress-optical rule has been mostly found to hold in steady shear flow.
From Fig. 6 one also sees that a smaller value of b leads to a faster dropping of the steady-state stress-optical coefficient at high shear rates. Thus, for quantitative predictions, estimation of the finite extensibility parameter becomes an important issue. The value of b roughly corresponds to the number of Kuhn steps in an entanglement. 28 Once the value of b is determined for a specific polymer species, one can proceed to compute the birefringence field of the associated complex flow and compare directly the simulation results with optical measurements without paying attention to the validity of the stress-optical rule. Such a comparison should provide a more objective test of a specific model.
From the preceding investigations, one sees that the chain stretching mechanism can affect greatly the rheological response as well as the stress-optical relation at very high shear rates. In fact, we find it also has important impact on other empirical rules, as we shall show soon. In Fig. 8 , we plot both steady-state and complex viscosity curves. The simulation data for the complex viscosity are obtained by performing standard Fourier transform of the predicted linear stress relaxation modulus, G(t). Also shown are the predictions of the Gleissle's mirror relation using transient viscosity simulation data at a low Deborah number d ␥ ϭ 0.2; no data for high shear rates are available due to the difficulty in obtaining meaningful transient viscosity data at initial times via stochastic simulation. From the comparison shown in Fig. 8 one sees that the predictions of the Cox-Merz rule and the Gleissle's mirror relation agree very well, but they deviate from that of the steady-shear simulation in the power-law region. The predicted power-law index is about 0.96 for the steady-state viscosity, and 0.88 for the complex viscosity. In experiments for concentrated polystyrene solutions, a universal power-law index of 0.85 was found for highly entangled systems (Z у 18). 29, 30 Thus, the predicted complex viscosity curve appears to be in better agreement with the experimental finding. In order to show this, we plot in Fig. 9 the polystyrene data that had been considered in an earlier work, 5 together with the complex viscosity curve obtained here. The polystyrene sample considered is nearly monodisperse with an estimated number of entanglements about seven, which is the same as simulated here for Nϭ21. From the comparison made in Fig. 9 one sees that the predicted complex viscosity data agree excellently with the polystyrene data. The gradual deviation beginning at a Deborah number of about 200 indicates the onset of viscosity flattening for the polystyrene data, as accurately captured by the steady-shear simulation ͑see Figs. 3 and 4͒ .
The excessive viscosity thinning predicted by the steadyshear simulation that leads to the discrepancy observed in Fig. 8 in predicting the Cox-Merz rule seems to indicate that there might be some other important effects missing in the current theory. Apparently, the theory is able to provide realistic predictions for the linear viscoelasticity; it is, however, unable to consistently predict the right magnitude of the power-law index of the steady-state viscosity. To explore the origin of such a discrepancy, it is helpful to review briefly all relevant mechanisms in the reptation theory that may affect the predicted power-law index of the steady-state viscosity.
The Doi-Edwards model, which does not account for the effects of chain-length fluctuations, chain stretching, and constraint release, predicts a power-law index of 3/2 for the steady-state viscosity that results in an unrealistic maximum in the shear stress curve. In Ref. 5 , it was found that when both the effects of chain-length fluctuations and chain stretching are rigorously incorporated into a full-chain theory, a power-law index of 1.12 was obtained; and when the effect of CCR is added, the power-law index drops further to be around unity (ϭ0.96). Although chain stretching is found to be insignificant in the power-law region, a slight increase of the chain tension due to a slight increase of chain stretching with increasing shear rate still helps to balance the extreme aligning effect in the Doi-Edwards model that has been believed to be the primary cause of a significantly overestimated power-law index for the steady-state viscosity. Chain-length fluctuations somewhat ''enhance'' the reptative motion for a confined chain of finite chain length and also help to alleviate the degree of aligning. The CCR mechanism appears to be a very important factor in reducing the powerlaw index of the steady-state viscosity, for it provides a way for the confined polymer chain to relax laterally its oriented conformation via convection of the surrounding constraints, and thus effectively reduces the degree of aligning.
In Ref. 5 , it was found that the theory considered here tends to slightly overestimate the degree of aligning of polymer chains under steady shear, as reflected in the extinction angle plot. Thus, among many possibilities to remedy the existing discrepancy, we point out specifically that the excessive viscosity thinning predicted by the steady-shear simulation might be attributed to the neglect of the restrictive lateral motion ͑or the Rouse-type motion͒ of the confined chain. Recall that we have shown earlier that polymer chains are hardly stretched in the power-law region. In this case, the lateral motions of polymer chains should not be severely suppressed and thus could contribute greatly to reducing the degree of aligning of polymer chains. If the contribution from the restrictive lateral motions were negligible in the power-law region, polymer chains would behave more like dilute FENE chains which exhibit a power-law index of about 0.67 for the steady-state viscosity. By comparing this value with what predicted by the current theory for entangled FENE chains (Ϸ0.96) and the experimental finding for concentrated polystyrene solution (Ϸ0.85), it seems plausible to infer that the lateral motion of a polymer chain in the concentrated system should simply be restricted rather than be completely suppressed, and the still-permitted lateral motion could affect greatly the behavior of the steady-state viscosity in the power-law region. In other words, if the contribution from the restrictive lateral motion is included, a power-law index closer to 0.85 for the steady-state viscosity might be achieved in the current simulation.
To examine the effect of the restrictive lateral motion of a confined chain under flow conditions appears to be a challenging task based on the tube picture. Even so, we here perform a very simple test that can roughly tell us whether the effect of the lateral motion is negligible or not in the power-law region. The test is based on the following idea: If the lateral motion were to be completely suppressed by flow in the power-law region and thus would not contribute to the steady-state viscosity and extinction angle, then the reptative motion, which allows a polymer chain to retrieve some lateral degrees of freedom at the chain ends, should also demonstrate negligible effects on the above steady-state properties. In the steady-shear simulation, we are able to artificially ''freeze'' the reptative motion and look at its effect on the predicted steady-state viscosity and extinction angle. For the case of Nϭ21, the simulation indicates that by freezing the reptative motions polymer chains become more aligned with flow and exhibit a smaller steady-state viscosity at the same shear rate, until a very high shear rate ( d ␥ Ϸ 500) is reached when the difference becomes insignificant. From Fig. 10 one sees that not only the steady-state value of viscosity, but also the magnitude of transient stress overshoot, for which the current theory was found to be unable to predict satisfactorily, are affected by neglecting the reptative motion. This fact strongly implies that the contributions from the lateral motion as well as the reptative motion are nonnegligible in the power-law region, because the flow strength in this regime is simply not strong enough to suppress completely these motions.
In a modified reptation theory, Ö ttinger 31 introduced a stochastic term in the Doi-Edwards model to mimic the effect of double reptation under both linear viscoelastic and flow conditions. Since constraint release was assumed to occur at a rate similar to that of the usual reptative motion, its role is more like allowing for some lateral motions of a confined chain rather than that of an CCR mechanism, which occurs at a rate proportional to the flow strength. It was found that the addition of such a CR mechanism to the DoiEdwards model is able to lead to a smaller power-law index of 4/3 for the steady-state viscosity. Based on these observations, it appears that further improved predictions of steadyshear properties should be obtainable by accounting for the contribution from the restrictive lateral motion of a confined chain.
Of course, the restrictive lateral motion may, in theory, also affect the behavior of the complex viscosity. But we tend to believe that it should affect more the high-frequency behavior of the complex viscosity, and has only little effect in the power-law region. The effects of the restrictive lateral motion on the linear stress relaxation and the behavior of complex viscosity are currently under investigation. Next, we discuss issues about the rheological conditions that could lead to derivations from the Cox-Merz rule as well as other similar empirical relationships.
In investigating the effect of constraint release on predicting the Cox-Merz rule, we find that the DCR mechanism hardly plays any role; it simply manifests itself in reducing consistently the steady-state viscosity and the complex viscosity in the zero-shear-rate region. That is, inclusion of the DCR mechanism does not change at all the predicted powerlaw index of the complex viscosity, and this mechanism has been assumed to be unimportant either for the shear flow experiment in the power-law region where constraint release is believed to result mainly from the CCR mechanism. In contrast, the effect of CCR, absent in the linear viscoelastic experiment, is found to be essential in driving the power-law index of the steady-state viscosity down to be closer to that of the complex viscosity. The finding that DCR and CCR play distinct roles in predicting the consistent relationship of the Cox-Merz rule is somewhat surprising, since both constraint release mechanisms are executed consistently in the current simulation and one simply cannot tell whether a resulting constraint release is caused by the diffusive or convective motion of the surrounding chains. Another interesting difference between these two CR mechanisms is whereas the DCR mechanism is significantly affected by the molecular weights of the composing polymer chains, the CCR mechanism is assumed to depend only on the flow strength. 7 Thus, only the DCR mechanism will introduce coupling effects among polymer chains of different chain lengths in a polydisperse system, and the CCR mechanism is presumably not to be affected by the polydispersity. These observations are important for us to distinguish in the following discussion the mechanisms that are responsible for deviations from the Cox-Merz rule.
We have mentioned earlier that the short-time Rouse contribution, or the restrictive lateral motion, is not accounted for in the current theory. This fact will affect mainly the predictions of the relaxation and dynamic moduli ͑and thus also the complex viscosity͒ at short times or high frequencies; the simulation for steady shear at very high shear rates is reasoned to be relatively uninfluenced. If the shorttime Rouse contribution were included, the tube model would predict an upturn of GЈ and GЉ at high frequencies following the plateau regime, 2 as has also been observed in experiments. 32 Note that the existence of the Cox-Merz rule relies on the fact that the two viscosity curves must bear almost the same slope in the power-law region on a double logarithmic scale. However, when approaching still higher shear rates or frequencies, both viscosity curves must pass through a change in their slopes. For the steady-state viscosity, it is the transition to the second Newtonian region when an apparent slow-down of viscosity thinning is observed; for the complex viscosity, it is due to the upturn of the dynamic moduli occurring at a high frequency. The interesting question is: how do these transitions affect the applicability of the Cox-Merz rule? We note that the upturn of the dynamic moduli occurs at a frequency independent of the molecular weight according to both theoretical predictions and experiments ͑see, for example, Fig. 7.3 in Ref. 2 and Fig. 3.6-6 in Ref. 33͒. On the other hand, we have noticed from the current simulation that the transition to the second Newtonian region commences at a shear rate roughly proportional to 1/M 2 due to the chain stretching mechanism. Based on such an important difference, normally one must be able to observe a deviation from the Cox-Merz rule at some high shear rates or frequencies. Since a polymer system with a higher molecular weight will, in theory, encounter the second Newtonian region at a lower shear rate, deviation from the Cox-Merz rule should therefore occur earlier for high molecular weight systems; and when the deviation occurs, (␥ ) should lie above *(), as so far observed in experiments. Of course, it is also possible in theory that the converse ͓i.e., *() lies above (␥ )] happens for low molecular weight systems, for which the upturn of the dynamic moduli occurs first. To roughly estimate the chance for the latter case to happen, we assume that the short-time Rouse contribution is important only on a time scale shorter than the shortest relaxation time of the Rouse chain, which is of order H . This assumption appears plausible based on the following observations. First, this time scale is independent of the molecular weight, as required by the experimental finding. Second, before the stress of a local segment of a Rouse chain can be completely relaxed on a time scale comparable to H , the constraint imposed by the tube must have already been felt; after then, the usual reptative motion will dominate the linear stress relaxation. For this case, for a polymer chain with Nϭ21 or seven entanglements, the upturn of the dynamic moduli will occur at a frequency H Ϸ 1 or d Ϸ 2000 according to the definition of the reptation time constant given earlier. Apparently, this value of frequency is much greater than that of shear rate ( d ␥ ϭ 200) at which the viscosity flattening starts to be observed in the simulation. Therefore, the case that * lies above when a derivation from the Cox-Merz rule is observed might be seen only for rather short entangled chains.
Similarly, deviations from the Cox-Merz rule should be more commonly observed for polydisperse systems with broad molecular weight distributions, where a significant amount of sufficiently long chains are present. The longchain components in such systems can be significantly stretched at relatively lower shear rates, thus triggering earlier and more obvious deviations from the Cox-Merz rule. The experimental results by Yasuda et al. 34 ͑see also Fig.  3 .6-9 in Ref. 33͒ appear to support the above inference. Of course, apparent deviations from the Cox-Merz rule observed for polydisperse systems with broad molecular weight distributions might also be attributed to some coupling effects absent in the monodisperse system, although it can be reasoned that this cannot be the case. Remember that the major coupling effects in an polydisperse entangled system are introduced by the DCR ͑or double reptation͒ mechanism based on the tube model. But we have found in the simulation that DCR hardly plays any role in predicting the CoxMerz rule.
At this point, it is of interest to note that both the stress-optical rule and the Cox-Merz rule seem to lie on the same basis of insignificant chain stretching. Thus, if one characterizes only significant chain stretching that occurs near the second Newtonian region as a nonlinear effect, instead of regarding the onset of shear thinning as the commencement of the nonlinear regime, then it is not surprising to see the ''suspicious coincidence'' of linear viscoelastic and steadyshear measurements described by the Cox-Merz rule and other similar empirical relationships, since in both measurements only the ''linear'' parts of the polymer dynamics have been probed. Under extensional flows, polymer chains could be significantly stretched and nonlinear effects are activated, it is expected that no similar empirical rule should exist. Figure 11 shows predictions of the steady-state first normal stress difference coefficient obtained from the Laun's rule using the linear viscoelastic simulation data, as well as from the direct simulation of steady shear; also shown is the polystyrene data considered earlier. Similar to an earlier comparison for viscosity, the steady-shear simulation is found to predict too much shear thinning of the first normal stress difference when compared to the linear viscoelastic simulation. Following the suggestion in Ref. 12 , we also plot the prediction of the Laun's rule using a power of 0.5 in Eq. ͑3͒ that seems to be more consistent with the Cox-Merz rule in Eq. ͑2͒. Better agreement with the polystyrene data seems obtainable by making such a replacement. From Fig. 11 one can see that the steady-shear simulation also predicts a slow down of shear thinning of the first normal stress difference at a shear rate when significant chain stretch commences; since then, the Laun's rule is likely to be violated based on a similar reason as for the Cox-Merz rule.
IV. CONCLUSION
We investigate several very useful empirical rules for concentrated polymer systems via stochastic simulations of a recently proposed full-chain reptation theory 3 capable of treating self-consistently mechanisms of chain reptation, chain-length fluctuations, chain retraction, and constraint release. Theoretical investigations of these rules are important, for they provide important consistency checks on the predictions of existing molecular theories; useful information concerning the limitations of these rules may also be obtained.
Since the stress tensor expression employed in the previous related studies [3] [4] [5] is unable to lead to consistent stressoptical relations, we here propose an alternative expression whose use does not affect the successful features of the theory and is able to correct the stress-optical predictions. The theory is now able to predict the stress-optical rule under mild flow conditions, and properly account for the deviations under fast flows when chain stretching becomes significant. It, therefore, can be used to simulate the birefringence fields of complex flows without being restricted by the validity of the stress-optical rule.
Under steady shear, the simulation predicts an apparent slow down of shear thinning of the steady-state viscosity and first normal stress difference coefficient at very high shear rates when polymer orientation is almost saturated and chain stretching becomes significant. Furthermore, the onset of such behavior is found to occur at a shear rate inversely proportional to the square of the molecular weight. When compared to the linear viscoelastic response at high frequencies, the previous steady-shear behavior is inferred to result in deviations from the Cox-Merz rule and other similar empirical relationships at some high shear rates or frequencies. According to the essential feature of the chain stretching mechanism, which triggers a transition of the steady-shear properties at high shear rates, it is inferred that deviations from these empirical rules are likely to be observed at relatively lower shear rates for polymer systems with higher molecular weights, or with broad molecular weight distributions, where a significant amount of long chains are present. Moreover, when a deviation from the Cox-Merz rule is observed, the steady-state viscosity curve should lie above the complex viscosity curve, except for polymer systems with rather low molecular weights. These inferences appear to agree with the experimental findings available to us. Nevertheless, more experimental investigations that can effectively cover the high shear rate regime are awaited to test the validity of the above inferences. The investigation of the CoxMerz rule also implies that the steady-state viscosity data in the high shear rate regime that are obtained by using simultaneously the linear viscoelastic data and the timetemperature superposition principle could be unreliable.
According to the current simulation, all of the four empirical rules examined are found to lie on the same basis of insignificant chain stretching that applies to both the zeroshear-rate and power-law regions. This fact seems to suggest a different thought of the so-called ''nonlinear effect'' or ''nonlinear regime'' for polymer melts.
On the other hand, the full-chain reptation theory is found to be unable to predict satisfactorily the Cox-Merz rule and other similar empirical rules in the power-law region. The discrepancy originates largely from the fact that the theory predicts excessive shear thinning of the steadystate viscosity and first normal stress difference, and we point out that a potential cause could be the neglect of the restrictive lateral motion of the confined polymer chain. We   FIG. 11 . Steady-state first normal stress difference coefficient as functions of shear rate predicted by the linear viscoelastic simulation using the Laun's rule with powers equal to 0.7 ͑solid line͒ and 0.5 ͑dashed line͒, respectively, and by the steady-shear simulation ͑diamond points͒. Also shown are the polystyrene data ͑cross points͒ considered in Fig. 9. have also shown that the reptative motion can still affect greatly the rheological response in the power-law region, contrary to what had been assumed in many earlier work.
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